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of third-grade ﬂuid over a continuously stretching cylinder in the presence of magnetic ﬁeld.
Suitable transformations are considered to reduce the partial differential equation into the ordinary
differential equation. The obtained non-linear differential system is solved by homotopy analysis
method (HAM). The effects of the emerging parameters such as third-grade parameter, second-
grade parameters and Reynolds number on the velocity are displayed and discussed. The expression
of skin-friction coefﬁcient is computed and presented. It is found that velocity and momentum
boundary layer thickness are increasing functions of curvature parameter. Velocity proﬁle is higher
for third-grade ﬂuid when compared with Newtonian and second-grade ﬂuids with and without
MHD effects for the cases (i) stretching cylinder and (ii) ﬂat plate.
ª 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The study of non-Newtonian ﬂuid ﬂow is important due to
technological point of view where the nonlinear ﬂuid rheology
is of special interest and has practical applications in industry
and engineering. Several ﬂuid models have been suggested to
disclose the nature of non-Newtonian ﬂuids. Among these,
the differential type, the rate type and the integral type models
gained importance. The differential type ﬂuid model has a sim-
plest subclass known as the second-grade ﬂuid, which describes
the normal stress differences but cannot predict the shearthinning/thickening phenomena. However the third-grade
ﬂuid model is capable of predicting both the normal stresses
and the shear thinning/thickening phenomena. Although, the
constitutive equations have various complexities, many
researchers have examined the ﬂows of third-grade ﬂuid under
various aspects. For instance, Chinyoka and Makinde [1] have
examined the combined effects of transverse magnetic ﬁeld and
variable viscosity in unsteady ﬂow of an electrically conducting
third-grade ﬂuid with heat transfer. A semi-implicit ﬁnite-dif-
ference scheme is used for solution development. The effects
of heat and mass transfer in the third-grade ﬂuid ﬂow between
two heated porous sheets are investigated by Hayat et al. [2].
Inﬂuence of thermal-diffusion and diffusion-thermo is also
analyzed in this investigation. In Soret and Dufour effect,
the lower sheet is taken to be shrinking linearly. Velocity
and thermal slip effects in boundary layer ﬂow of third-grade
206 T. Hayat et al.ﬂuid past a stretching surface are examined numerically by
Sahoo and Do [3]. Abbasbandy and Hayat [4] presented the
series solution of a special third-grade ﬂuid. Hayat et al. [5]
explained the characteristics of melting heat transfer in the
boundary layer ﬂow of third grade ﬂuid in a region of stagna-
tion point along a stretching sheet. Shaﬁq et al. [6] considered
the MHD axisymmetric ﬂow of a third-grade ﬂuid between
two porous disks and solve the governing nonlinear problem
by using the homotopy analysis method. Hatami et al. [7] stud-
ied the effects of gold nanoparticles in a third-grade ﬂuid past a
porous vessel. Inﬂuence of thermal stratiﬁcation in radiative
third-grade ﬂuid with viscous dissipation is explored by
Hayat et al. [8].
Flows of continuously moving stretching surface are
encountered in many process of thermal and moisture treat-
ment of materials, predominantly in processes having continu-
ous pulling of a sheet through a reaction zone: as in
metallurgy, in textiles and paper industries, and in the manu-
facture of glass sheets and crystalline materials. Many
researchers have investigated the boundary layer ﬂow over
various type stretching sheets taking into account under differ-
ent physical aspects. The analysis toward a stretching cylinder
is not widely studied in the literature. Wang [9] was the ﬁrst
who investigated the ﬂuid ﬂow along the stretching cylinder.
Mukhopadhyay [10] presented the analysis of axisymmetric
boundary layer ﬂow of viscous ﬂuid with heat transfer past a
stretching cylinder in the presence of uniform magnetic ﬁeld.
Here the partial slip conditions are considered instead of the
no-slip conditions. Ashorynejad et al. [11] investigated the
nanoﬂuid ﬂow and heat transfer towards a stretching cylinder
in the presence of magnetic ﬁeld. Wang [12] discussed the
natural convection ﬂow of viscous ﬂuid induced by a
vertical stretching cylinder. Nadeem et al. [13] examined
the steady boundary layer stagnation point ﬂow and heat
transfer of a second-grade ﬂuid along a horizontal cylinder.
Mukhopadhyay and Gorla [14] reported the axisymmetric
laminar boundary layer ﬂow of viscous ﬂuid and heat transfer
past a stretching cylinder in the presence of velocity slip condi-
tion and found that the velocity decreases with increasing
the slip parameter. Gorla et al. [15] considered the boundary
layer ﬂow of nanoﬂuid induced by a stretching circular cylin-
der in the presence of melting effects. Rehman and Nadeem
[16] studied the mixed convection ﬂow of a micropolar ﬂuid
which possesses nanoparticles past a vertical slender cylinder
and solved the governing problem by homotopy analysis
method.
It is noticed that MHD axisymmetric ﬂow of third-grade
ﬂuid over a stretching cylinder has not been conducted so
far. The present analysis is an attempt in this direction. This
paper is organized as follows. After formulation the arising
nonlinear problem is analytically solved using homotopy
analysis method (HAM) [18–32] which is a novel technique.
The behavior of dimensionless parameter convergence is
checked. Velocity components and skin friction coefﬁcients
noted are displayed. Whole analysis is summarized.
2. Formulation of the problem
Let us consider a steady axisymmetric incompressible electri-
cally conducting third-grade ﬂuid ﬂow along a stretching cylin-
der. The ﬂow is conﬁned at r > 0. The z-axis is taken along thestretching cylinder and the r-axis is normal to it. The governing
continuity and momentum equations under the boundary layer
approximation are as follows [18]:
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The appropriate boundary conditions for the considered
ﬂow problem are as follows [17]:
w r; zð Þ ¼W zð Þ ¼W0z
l
; u r; zð Þ ¼ 0; at r ¼ R;
w r; zð Þ ! 0 at r!1: ð3Þ
It is worth mentioning thatW zð Þ ¼ W0z
l
represents the veloc-
ity with which cylinder is stretched.
2.1. Similarity analysis
The continuity Eq. (1) is automatically satisﬁed by utilizing the
transformation of the form [17]
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whereas Eqs. (2) and (3) reduce to
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MHD axisymmetric ﬂow of third grade ﬂuid 207which respectively indicate the Reynolds number Reð Þ, the
Hartman number Mð Þ, the viscosity m, the dimensionless
third-grade parameters a1; a2; bð Þ and the curvature parameter c.
2.2. Skin friction coefﬁcient
The expression of skin friction coefﬁcient Cf is given by
Cf ¼ sw
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srzjr¼R
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The dimensionless form of skin friction is
Re1=2z Cf ¼ f00 0ð Þ þ 3a1f00 0ð Þ þ 2bRef00
3
0ð Þ
h i
; ð10Þ
in which Rez ¼Wz=m is the local Reynolds number.
3. Solution procedure
Homotopy analysis method was derived from the fundamental
concept of topology known as homotopy. Two functions are
said to be homotopic if one function can be continuously
deformed into the other function. If f1 and f2 are two continu-
ous functions which maps from a topological space X into
topological space Y then f1 is homotopic to f2 if there exists
a continuous map F
F : X ½0; 1 ! Y ð11Þ
such that for each x 2 X
Fðx; 0Þ ¼ f1ðxÞ; F x; 1ð Þ ¼ f2 xð Þ ð12Þ
Then map F is called homotopic between f1 and f2.
Homotopy analysis method is proposed by Liao [27] in 1992
which is used to solve the highly nonlinear equations. This
method is independent of small or large physical parameters.
Homotopy is a continuous deformation or variation of a func-
tion or equation. It has several advantages over the other
methods i.e., (i) it is independent of small or large parameters,
(ii) it ensures the convergence of series solution and (iii) it pro-
vides great freedom to select the base function and linear
operator. Such ﬂexibility and freedom help us in solving the
highly nonlinear problems. It is also noted that linear part of
the differential equation is selected as the linear operator for
the homotopy analysis method. However in semi inﬁnite
domain it is preferred in such a way that the solution appears
in the form of exponential functions for rapid convergence
analysis. Homotopy analysis method requires initial guess
f0ðgÞ and linear operator Lf in the forms [18]:
f0ðgÞ ¼ 1 expðgÞ; ð13Þ
LfðfðgÞÞ ¼ d
3f
dg3
 df
dg
; ð14Þ
which satisﬁes the following property:
Lf C1 þ C2 expðgÞ þ C3 exp gð Þð Þ ¼ 0; ð15Þwhere Ci i ¼ 1 3ð Þ are the constants.
3.1. Zeroth-order deformation problem
The zeroth-order deformation equation is
1 qð Þ f^ðg; qÞ  f0ðgÞ
h i
¼ qHfhfN f^ðg; qÞ
h i
; ð16Þ
where the auxiliary convergence function Hf is taken to be 1
and
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The appropriate boundary conditions for the zeroth-order
system are
f^ 0; qð Þ ¼ 0; f^0 0; qð Þ ¼ 1; f^0 1; qð Þ ¼ 0; ð18Þ
where q 2 0; 1½  is embedding parameter and hf is the non-zero
auxiliary parameter.
3.2. mth-order deformation problems
Differentiating m-times the zeroth-order deformation problem
in Eqs. (14)–(16) with respect to q, then dividing by m! and set-
ting q ¼ 0 we get the following higher-order deformation
problems:
f^mðgÞ  vmf^m1ðgÞ
h i
¼ hfR fmðgÞ; ð19Þ
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@g
					
g¼0
¼ 1; @ f^mðg; qÞ
@g
					
g¼1
¼ 0; ð20Þ
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Table 1 Convergence of homotopy solution when
a1 ¼ 0:1; a2 ¼ 0:2;b ¼ 0:05; c ¼ 0:2;M ¼ 0:5 and Re ¼ 0:5.
Order of approximation f00 0ð Þ
1 0.92348
2 0.93113
5 0.92826
10 0.92813
12 0.92812
24 0.92812
25 0.92812
30 0.92812
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0; m 6 1;
1; m > 1:

ð22Þ
For q ¼ 0 and q ¼ 1, one can write
f^ðg; 0Þ ¼ f0ðgÞ; f^ðg; 1Þ ¼ fðgÞ; ð23Þ
and when q varies from 0 to 1, f^ ðg; qÞ varies from initial guess
f0ðgÞ to ﬁnal solution fðgÞ. Taylor series expansion yields
f^ðg; qÞ ¼ f0ðgÞ þ
X1
m¼1
fmðgÞqm; f^mðgÞ ¼
1
m!
@mfðg; qÞ
@qm
				
p¼0
: ð24Þ
Setting q ¼ 1 in Eq. (24), one obtains
f^ðgÞ ¼ f0ðgÞ þ
X1
m¼1
fmðgÞ: ð25Þ
The general solution fmðgÞ of the problem given by Eq. (19) in
terms of special function fm is given by
fmðgÞ ¼ fm þ C1 þ C2 expðgÞ þ C3 exp gð Þ; ð26Þ
in which Ci i ¼ 1 3ð Þ are the arbitrary constants and deter-
mined by the boundary conditions given in Eq. (20) as follows:
C2 ¼ 0;C3 ¼ @f

mðgÞ
@g
				
g¼0
; C1 ¼ C3  fm 0ð Þ: ð27ÞFigure 2 h curve for f at 13th order of approximation.4. Convergence of the developed solution
Homotopy series solution (23) contains auxiliary parameter hf.
This parameter has pivotal role in adjusting and controlling
the convergence of the series solution (23). To obtain a suitable
range of hf the h-curve is plotted at 13th order of approx-
imation in Fig. 2. From this Fig. 1, it is noted that suitable
range for hf is 1:1 6 hf 6 0:2. Furthermore, convergence
of series solution is checked and shown in Table 1. This
Table shows that the series solution converges up to 12th order
of approximation.
5. Results and discussion
In this section, we have discussed the effects of some interest-
ing physical parameters on velocity ﬁeld through graphs.Figure 1 Physical ﬂow model.Numerical values of skin friction coefﬁcient Re1=2z Cf are tabu-
lated and behavior of dimensionless parameters on skin fric-
tion coefﬁcient Re1=2z Cf is analyzed.
Fig. 3 is plotted to see the variation of magnetic parameter
M on the non-dimensional velocity f0ðgÞ. It is observed that
with the increase in M the velocity proﬁle decreases. The
momentum boundary layer thickness also reduces. Physically
the Lorentz force M2f0ðgÞ arising out of the imposed magnetic
ﬁeld acts as a retarding force, and causes the reduction in the
velocity as well as in the momentum boundary layer. The
variation of the shear thickening/thinning parameter b is given
in Fig. 4. It is depicted that with an increase in b the velocity
and momentum boundary layer thickness decrease. Thus
almost the same behavior appears for bothM and b. Fig. 5 dis-
plays the variation of f0ðgÞ with g for several values of a1. This
ﬁgure reveals that both velocity proﬁle and the momentum
boundary layer thickness increase with the increase of a1.
The similar effect is observed for a2 in Fig. 6. Fig. 7 is drawn
to see the inﬂuence of curvature parameter c on the velocity
proﬁle. From this ﬁgure it is noted that the velocity f0ðgÞ and
the momentum boundary layer thickness are increasing func-
tions of curvature parameter c. Physically, it is due to the fact
that when we increase the curvature parameter c the radius of
the cylinder reduces and the area of the cylinder in contact
with ﬂuid also decreases which causes less resistance to the
ﬂuid motion. Hence the velocity proﬁle increases. Fig. 8 eluci-
dates the inﬂuence of the Reynolds number Re on the velocity
proﬁle f0ðgÞ versus g. Increasing the Reynolds number Re leads
Figure 3 Variation of velocity component f0 gð Þ versus g for
magnetic parameter M.
Figure 4 Variation of velocity component f0 gð Þ versus g for
third-grade parameter b.
Figure 5 Variation of velocity component f0 gð Þ versus g for
second-grade parameter a1.
Figure 6 Variation of velocity component f0 gð Þ versus g for
second-grade parameter a2.
Figure 7 Variation of velocity component f0 gð Þ versus g for
curvature parameter c.
Figure 8 Variation of velocity component f0 gð Þ versus g for
Reynolds number Re.
MHD axisymmetric ﬂow of third grade ﬂuid 209to a decrease in the velocity proﬁle. Also the momentum
boundary layer thickness reduces.
Fig. 9 is plotted for the comparison between the viscous,
second-grade and third-grade ﬂuid velocities over a stretching
cylinder in the presence of magnetic parameter. It is analyzedthat the velocity of third-grade ﬂuid is higher than the viscous
and second-grade. On the other hand the second-grade ﬂuid
has higher velocity in comparison with viscous ﬂuid.
Comparison of third-grade, second-grade and viscous ﬂuid
Figure 9 Velocity proﬁle for viscous, second-grade and third-
grade ﬂuids in the presence of magnetic effects for c= 0.2.
Figure 10 Velocity proﬁle for viscous, second-grade and third-
grade ﬂuids in the presence of magnetic effects for c ¼ 0.
Figure 11 Velocity proﬁle for viscous, second-grade and third-
grade ﬂuids in the absence of magnetic effects for c ¼ 0:2.
Figure 12 Velocity proﬁle for viscous, second-grade and third-
grade ﬂuids in the absence of magnetic effects for c ¼ 0.
Table 2 Numerical values of skin friction coefﬁcients RerCf
for different values of physical parameters.
a1 a2 b Re c M Re1=2r Cf
0.0 0.2 0.05 0.5 0.2 0.5 1.0921
0.1 1.2466
0.2 1.3872
0.3 1.5175
0.1 0.0 0.05 0.5 0.2 0.5 1.3634
0.1 1.3019
0.2 1.2465
0.3 1.1967
0.1 0.2 0.0 0.5 0.2 0.5 1.2290
0.1 1.2633
0.2 1.2945
0.3 1.3233
0.1 0.2 0.05 0.4 0.2 0.5 1.2431
0.5 1.2467
0.6 1.2501
0.7 1.2533
0.1 0.2 0.05 0.5 0.1 0.5 1.1957
0.2 1.2466
0.3 1.2974
0.4 1.3488
0.1 0.2 0.05 0.5 0.2 0.5 1.2466
0.6 1.2984
0.7 1.3568
0.8 1.4211
Table 3 Comparison of skin friction coefﬁcient for various
methods when a1 ¼ a2 ¼ b ¼ c ¼ 0.
M [33] [34] Present
HPM MHPM Exact
solution
Exact
solution
results
0 1 1 1 1
0.5 1.1180 1.118034
1 1.41421 1.41421 1.41421 1.414214
5 2.44948 2.44948 2.44948 2.449483
210 T. Hayat et al.velocities with magnetic parameterM over a ﬂat plate is shown
in Fig. 10. The viscous ﬂuid velocity is lesser as compared to
both third-grade and second-grade ﬂuids, while the second-
grade ﬂuid velocity is less than the third-grade ﬂuid but higher
than the viscous ﬂuid. Figs. 11 and 12 are sketched to see the
behavior of third-grade, second-grade and viscous ﬂuid
MHD axisymmetric ﬂow of third grade ﬂuid 211velocities in the absence of magnetic parameter for (i) stretch-
ing cylinder and (ii) for stretching ﬂat plate respectively. It is
revealed that velocity proﬁle increases for third-grade ﬂuid in
both the cases i.e. (i) for stretching cylinder and (ii) for stretch-
ing ﬂat plate than the second-grade and viscous ﬂuids.
Table 2 presents the numerical values of skin friction coefﬁ-
cient Re1=2z Cf for various physical parameters. It is noted that
the absolute values of skin friction coefﬁcient Re1=2z Cf increase
with the increase of a1; b;Re; c andM whereas it decreases with
the increase of a1. Hence smaller values of a1; b;Re; c and M
while larger values of a2 are suitable for the reduction of skin
friction coefﬁcient. Acceptable agreement presented for skin
friction coefﬁcient shows in Table 3 a1 ¼ a2 ¼ b ¼ c ¼ 0
[33,34].
6. Concluding remarks
Hydromagnetic ﬂow of third-grade ﬂuid over a stretching
cylinder is studied via homotopic procedure.
The main ﬁndings of the present study have been listed
below:
 Velocity proﬁle decreases with the increase of magnetic
parameter M and the shear thinning/thickening parameter
b.
 Radial velocity f 0 and the momentum boundary layer thick-
ness are decreasing functions of Reynolds number Re.
 The effects of dimensionless parameters a1 and a2 on radial
velocity f 0 are similar in a qualitative sense.
 The small values of skin friction coefﬁcient Re1=2z Cf are
obtained for smaller values of a1; b;Re; c andM and higher
values of a2.
 In the absence/presence of the magnetic parameter, the veloc-
ity proﬁle is higher for third-grade ﬂuid than the second-
grade ﬂuid and viscous ﬂuid for the ﬂat plate and cylinder.
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